Introduction {#Sec1}
============

In recent years the Yang--Mills gradient flow has been established as a very promising new tool to study non-perturbative aspects of strongly coupled gauge theories \[[@CR1]--[@CR4]\]. The gradient flow defines a deterministic mapping from the original gauge field $\documentclass[12pt]{minimal}
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                \begin{document}$$A_\mu (x)$$\end{document}$ to a smoothed gauge field configuration, $\documentclass[12pt]{minimal}
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                \begin{document}$$B_\mu (t,x)$$\end{document}$, at flow time *t*, which is obtained as the solution of the gradient flow equation (see Appendix [A](#Sec19){ref-type="sec"} for a summary of our conventions),$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t B_\mu (t,x) = \sum _{\nu } D_\nu G_{\nu \mu }(t,x),\quad B_\mu (0,x) = A_\mu (x), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$D_\mu = \partial _\mu + [B_\mu ,\cdot ]$$\end{document}$ denotes the gauge covariant derivative and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G_{\mu \nu }= \partial _\mu B_\nu - \partial _\nu B_\mu + [B_\mu ,B_\nu ], \end{aligned}$$\end{document}$$is the associated field strength tensor. The name relates to the fact that the right hand side of ([1](#Equ1){ref-type=""}) is equal to minus the gradient of the Yang--Mills gauge action. Hence, with increasing flow time *t*, the solution, $\documentclass[12pt]{minimal}
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                \begin{document}$$B_\mu (t,x)$$\end{document}$, is driven towards a minimum of the action and thus approaches a smooth classical field configuration.

There is quite some freedom when translating the gradient flow equation to a Euclidean space-time lattice. A simple possibility is to choose Wilson's plaquette action, $\documentclass[12pt]{minimal}
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                \begin{document}$$S_\mathrm{W}$$\end{document}$, and to define the lattice gauge field at finite flow time, $\documentclass[12pt]{minimal}
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                \begin{document}$$V_\mu (t,x)$$\end{document}$, as the solution of the Wilson flow equation,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a^{2} [\partial _t V_\mu (t,x)]V_\mu (t,x)^\dagger = -g_0^2\partial _{x,\mu } S_{\text {W}}[V], \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _{x,\mu }$$\end{document}$ denotes the Lie-algebra valued derivative with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$V_\mu (t,x)$$\end{document}$. It should be noted that similar smoothing operations have long been successfully applied in lattice QCD. For example, the stout link smearing technique of Ref. \[[@CR5]\] can be understood as a discretised flow time version of Eq. ([3](#Equ3){ref-type=""}). The essential new element is a theoretical understanding of the renormalisation properties of the Yang--Mills gradient flow. In particular, in \[[@CR3], [@CR4]\] it was proved to all orders of perturbation theory that QCD at finite flow time *t* is renormalised once it is renormalised at flow time $\documentclass[12pt]{minimal}
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                \begin{document}$$t=0$$\end{document}$ through the usual renormalisations of the gauge coupling and the quark mass parameters. Furthermore, gauge invariant fields at positive flow time are automatically renormalised and do not mix with other fields of the same or lower dimensions. These properties allow one to define a new class of renormalised gauge invariant observables which can be used to probe the theory in various ways. It also opens new ways to define renormalised composite operators at zero flow time; the study of Ward identities at positive flow times \[[@CR4], [@CR6], [@CR7]\] and the applications of the so called "small flow-time expansion" have received much attention recently in this context \[[@CR8]--[@CR10]\].

Many current lattice QCD applications of the gradient flow only involve the simplest possible gauge invariant field, the action density,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E(t,x)= -\frac{1}{2}\sum _{\mu ,\nu } \mathrm{tr}\{ G_{\mu \nu }(t,x)G_{\mu \nu }(t,x)\}. \end{aligned}$$\end{document}$$As initially proposed in \[[@CR2]\], the expectation value $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle E(t,x)\rangle $$\end{document}$ can be used for a non-perturbative definition of either a reference scale or a coupling constant. This has proven very attractive: in large volume simulations it leads to the most precise determination of a reference scale (for a recent review cf. \[[@CR11]\]). On the other hand, when considered in a finite space-time volume the scale evolution of the corresponding coupling \[[@CR12]--[@CR16]\] can be traced with high statistical precision (see \[[@CR17]\] for a recent review).

Notwithstanding these nice properties a major practical problem consists in the relatively large cutoff effects which have been observed in several applications (cf. \[[@CR17]\] and references therein). On general grounds, the leading effects are expected to be of order $\documentclass[12pt]{minimal}
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                \begin{document}$$a^2$$\end{document}$. Their size depends on the detailed choices made when translating the flow equation ([1](#Equ1){ref-type=""}) to the lattice, but also on the discretisation of the observable and on the lattice action. Alternative flow equations have been tried, e.g. in Ref. \[[@CR18]\] where the Wilson action was replaced by the tree-level improved Lüscher--Weisz action, $\documentclass[12pt]{minimal}
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                \begin{document}$$S_\mathrm{LW}$$\end{document}$ \[[@CR19], [@CR20]\]. For some attempts to reduce cutoff effects in the particular observable $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle E(t,x)\rangle $$\end{document}$ cf. Refs. \[[@CR21], [@CR22]\]. Here we would like to proceed more systematically by applying the Symanzik procedure \[[@CR19], [@CR23]\] to the $\documentclass[12pt]{minimal}
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                \begin{document}$$4+1$$\end{document}$-dimensional local formulation of the theory \[[@CR3], [@CR24]\]. This will lead us to a particular choice for the lattice flow equation, referred to as the "Zeuthen flow" and defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a^2(\partial _t V_\mu (t,x)) V_\mu (t,x)^\dagger= & {} -g_0^2 \left( 1 + \frac{a^2}{12}\nabla _\mu ^*\nabla _\mu ^{} \right) \nonumber \\&\times \partial _{x,\mu } S_\mathrm{LW}[V], \end{aligned}$$\end{document}$$with the initial condition $\documentclass[12pt]{minimal}
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                \begin{document}$$V_\mu (0,x) = U_\mu (x)$$\end{document}$. Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla _\mu ^{}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla _\mu ^*$$\end{document}$ are the lattice forward and backward covariant derivatives, respectively. We will show that the integration of the Zeuthen flow equation does not generate any cutoff effects at $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal O(a^2$$\end{document}$). If combined with classical $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improvement of the observable all $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal O(a^2)$$\end{document}$ effects are eliminated apart from those corresponding to local counterterms in the action at zero flow time. We will give a complete list of such counterterms and test our framework to lowest non-trivial order in perturbation theory.

The paper is organised as follows: in Sect. [2](#Sec2){ref-type="sec"} we recall the definition of the $\documentclass[12pt]{minimal}
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                \begin{document}$$4+1$$\end{document}$-dimensional local theory, with flow time as the added dimension. In Sect. [3](#Sec6){ref-type="sec"} we discuss the general Symanzik procedure and the simplifications due to the special properties of this theory. We present the classical *a*-expansion of both the flow action and the gradient flow observable *E*(*t*, *x*), as part of the simplified Symanzik procedure, and carry out the standard Symanzik analysis for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ counterterms at the $\documentclass[12pt]{minimal}
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                \begin{document}$$t=0$$\end{document}$ boundary. Section [4](#Sec13){ref-type="sec"} presents a number of perturbative tests of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improved theory, and Sect. [5](#Sec18){ref-type="sec"} our conclusions. We have included three appendices regarding our notations and conventions (Appendix [A](#Sec19){ref-type="sec"}), some technical details pertaining to the classical *a*-expansion (Appendix [B](#Sec20){ref-type="sec"}), and some explicit expressions used in Sect. 4 (Appendix [C](#Sec25){ref-type="sec"}), respectively.

Lattice gauge theory in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$4+1$$\end{document}$ dimensions {#Sec2}
=================================================================

The gradient flow equation can be viewed as a way to define a particular class of observables, i.e. fields which are functionals of the fundamental gauge field $\documentclass[12pt]{minimal}
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                \begin{document}$$U_\mu (x)$$\end{document}$. The flow time thus appears as an additional parameter which measures the range in space-time over which the fundamental gauge field enters into an observable defined in terms of the flowed gauge field $\documentclass[12pt]{minimal}
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                \begin{document}$$V_\mu (t,x)$$\end{document}$. The flow time *t* has dimension length squared and the "smearing radius" $\documentclass[12pt]{minimal}
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                \begin{document}$$r_t=\sqrt{8t}$$\end{document}$ is usually taken as the corresponding length scale.[1](#Fn1){ref-type="fn"} Thus, gradient flow observables are non-local objects from the perspective of the 4-dimensional gauge theory and their properties under renormalisation are difficult to assess. Moreover, the non-locality prevents a straightforward application of the Symanzik expansion, which is our main theoretical tool for understanding the cutoff dependence of the theory. For this purpose, it is therefore highly beneficial to follow \[[@CR4]\] and view the theory from a $\documentclass[12pt]{minimal}
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                \begin{document}$$4+1$$\end{document}$-dimensional perspective, with flow time as the added dimension. In this re-formulation locality is restored in the $\documentclass[12pt]{minimal}
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                \begin{document}$$4+1$$\end{document}$-dimensional sense, and dimensional counting can be applied to classify counterterms to the action and observables.

We start with the formulation of the lattice set-up, including the introduction of a flow-time lattice. The latter should be regarded as an intermediate regularisation which helps to resolve certain technical issues \[[@CR4]\]. While none of this is original it serves for later reference and to fix our notation.

The 4-dimensional lattice action {#Sec3}
--------------------------------
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                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improvement of the 4-dimensional gauge theory can be achieved by introducing, besides the 4-link plaquette action, further 6-link Wilson loops with appropriately chosen coefficients \[[@CR19]\]. We will consider a general class of lattice gauge actions parameterised by the coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S_{\text {g}}[U,\{c_i\}] = \frac{1}{g_0^2} \sum _{i=0}^3 c_i \sum _{\mathcal W\in \mathcal S_i} \mathrm{Tr}(1 - U(\mathcal C)), \end{aligned}$$\end{document}$$where the second sum extends over all oriented Wilson loops of type $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal S_i$$\end{document}$. As illustrated in Fig. [1](#Fig1){ref-type="fig"}, these Wilson loops are the usual plaquettes, $\documentclass[12pt]{minimal}
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                \begin{document}$$2\times 1$$\end{document}$ planar loops or "rectangles", $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal S_1$$\end{document}$, the bent rectangles or "chairs", $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal S_2$$\end{document}$, and finally the "parallelograms", $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal S_3$$\end{document}$.Fig. 1Wilson loops of type $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal S_0, \mathcal S_1, \mathcal S_2$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal S_3$$\end{document}$

It is conventional to normalise the action by requiring$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} c_0+ 8c_1+16 c_2 +8 c_3 =1, \end{aligned}$$\end{document}$$such that the standard continuum Yang--Mills action is obtained in the classical continuum limit, with any choice of the three free parameters.[2](#Fn2){ref-type="fn"} Popular choices are the Wilson plaquette (*W*) action ($\documentclass[12pt]{minimal}
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                \begin{document}$$c_{1,2,3}=0$$\end{document}$) and the tree-level improved Lüscher--Weisz (LW) action ($\documentclass[12pt]{minimal}
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                \begin{document}$$c_{2,3}=0$$\end{document}$).
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                \begin{document}$$4+1$$\end{document}$-dimensional set-up {#Sec4}
-------------------------------------------------------------------------

Given the 4-dimensional action, the flow equation is now incorporated in the action as a constraint, by introducing the Lagrange multiplier field $\documentclass[12pt]{minimal}
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                \begin{document}$$L_\mu (t,x)$$\end{document}$, which is hermitian and such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\imath L_\mu (t,x)$$\end{document}$ is Lie-algebra valued. The $\documentclass[12pt]{minimal}
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                \begin{document}$$4+1$$\end{document}$-dimensional action of this theory then takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S[V,L]= & {} S_{\text {g}}[U,\{c_i\}] \nonumber \\&- 2a^4\int _0^\infty \mathrm{d}t\, \sum _{x,\mu } \mathrm{tr}\{L_\mu (t,x) F_\mu (t,x)\}, \end{aligned}$$\end{document}$$where the boundary condition,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_\mu (0,x) = U_\mu (x), \end{aligned}$$\end{document}$$is assumed and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{ll} F_\mu (t,x) =&{} a^{-1} (\partial _t V_\mu (t,x))V_\mu (t,x)^\dagger \\ &{}+\, a^{-3} g_0^2 \partial _{x,\mu } S_{\text {g}}[V], \end{array} \end{aligned}$$\end{document}$$is a shorthand notation which allows one to write the lattice gradient flow equation in the form $\documentclass[12pt]{minimal}
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                \begin{document}$$S_{\text {g}}[V]$$\end{document}$ is some 4-dimensional lattice gauge action for the flowed field $\documentclass[12pt]{minimal}
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                \begin{document}$$V_\mu (t,x)$$\end{document}$, the Wilson action being the simplest choice \[cf. Eq. ([3](#Equ3){ref-type=""})\]. In any case it is unrelated to the gauge action $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{\text {g}}[U]$$\end{document}$ in ([8](#Equ8){ref-type=""}). How to best define $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\mu (t,x)$$\end{document}$ is at the core of this work and will be discussed in the next section.
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Finally we note that the Yang--Mills flow equation in the continuum can be written as$$\documentclass[12pt]{minimal}
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Generalities {#Sec7}
------------

The re-formulation of gradient flow observables in terms of a local $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_i$$\end{document}$ must have mass dimension 8 and otherwise share all the symmetries with the lattice theory. The fields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_i$$\end{document}$ are dimension 6 fields, localised at the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$ boundary. One of the important outcomes of the Symanzik analysis are the numbers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_\mathrm{fl}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_b$$\end{document}$ of basis elements, where fields differing by total (space-time) derivative terms are considered equivalent. Furthermore, restricting to on-shell improvement the field equations for $\documentclass[12pt]{minimal}
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                \begin{document}$$S_{2,b}$$\end{document}$ are eliminated in Symanzik's effective action for the improved lattice action.

A similar analysis then needs to be carried out for each observable $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}$$\end{document}$. While this procedure applies to any observables, we will here focus on gradient flow observables, i.e. gauge invariant composite fields with support at strictly positive flow times.
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Before proceeding along these lines, however, it is advisable to have a closer look at this particular theory. As shown by Lüscher and Weisz, the theory is perturbatively renormalizable to all orders in the 4-dimensional gauge coupling *g* \[[@CR3]\]. More precisely, if one restricts attention to gauge invariant observables, one just needs to renormalise the gauge coupling in the usual way, and also the quark masses if the boundary theory is generalised to QCD.[4](#Fn4){ref-type="fn"} Moreover, any composite fields defined at finite flow time are automatically renormalised and do not mix with any other fields of the same or lower canonical dimension. The action density ([4](#Equ4){ref-type=""}) is a typical example: its renormalisation at flow time $\documentclass[12pt]{minimal}
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                \begin{document}$$\propto \exp (-2tp^2)$$\end{document}$ in the integrand. This renders most momentum integrals finite, so that one is only left with those divergences which are cancelled by the standard counterterms in the boundary theory.
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                \begin{document}$$L_\mu $$\end{document}$ plays the rôle of a Lagrange multiplier field which enforces the gradient flow equation as a constraint. The smoothening properties of this equation are related to the fact that perturbation theory only generates tree diagrams for the correlation functions of gradient flow observables \[[@CR3]\]. The Symanzik expansion is then very much simplified as we expect the following to hold:The absence of bulk loop diagrams in the perturbative expansion of gradient flow observables implies that classical improvement of the flow action cancels the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal O(a^2)$$\end{document}$ effects when expanded classically.The only $\documentclass[12pt]{minimal}
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The classical *a*-expansion {#Sec8}
---------------------------
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                \begin{document}$$v(u=1)\equiv V_\mu (t,x)$$\end{document}$, can be concisely written in terms of a path-ordered exponential,While it is straightforward to carry out the expansion around $\documentclass[12pt]{minimal}
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                \begin{document}$$a=0$$\end{document}$, in practice, even a simple gauge invariant quantity like the trace of the plaquette contains four link variables which need to be expanded and combined to fourth order in *a* to obtain the leading non-trivial term. It is therefore highly advisable to perform the expansion efficiently (cf. e.g. \[[@CR19], [@CR25]\]). We here follow Lüscher and Weisz \[[@CR19]\], who, for fixed indices $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa $$\end{document}$, we thus obtain the gauge covariant expansion for the plaquette field,which holds for any argument (*t*, *x*). Similar expressions can be derived for the other three plaquettes in the $\documentclass[12pt]{minimal}
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--------------------------------------------------------------------

To find the bulk counterterm action $\documentclass[12pt]{minimal}
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Turning to the second term of ([10](#Equ10){ref-type=""}), i.e. the gradient force term, we choose a quite general lattice gauge action parameterised by $\documentclass[12pt]{minimal}
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We now proceed and work out the simplifications due to the field equations for $\documentclass[12pt]{minimal}
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                \begin{document}$$L_\mu $$\end{document}$ one obtains the Yang--Mills flow equation ([1](#Equ1){ref-type=""}), whereas the variation with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_\mu (t,x)$$\end{document}$ yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \partial _t L_\mu = \sum _\nu \left( -D_\mu D_\nu L_\nu - D_\nu ^2 L_\mu + 2 D_\nu D_\mu L_\nu \right) \end{aligned}$$\end{document}$$Using the flow equation eliminates the *O*(*a*) term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_\mu ^{(1)}$$\end{document}$, and this is the reason why the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ terms remain unaffected by the symmetrisation about the midpoint $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{x}$$\end{document}$, once the field equations are taken into account. From the continuum flow equation we derive$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \partial _t \sum _{\nu }D_\nu G_{\nu \mu } = \sum _{\nu ,\rho }(3D_\rho ^2D_\nu ^{}-4D_\rho ^{} D_\nu ^{} D_\rho ^{} +2 D_\nu ^{}D_\rho ^2)G_{\nu \mu }. \end{aligned}$$\end{document}$$This allows one to rewrite the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ term as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_\mu ^{(2)}(t,x)= & {} \sum _\nu \Biggl \{ -\left( \frac{1}{12} + c_1-c_2\right) (2 D_\nu ^{}D_\mu ^2+D_\nu ^3) \\&+\left( \frac{1}{6} + c_1-c_2\right) D_\mu ^2 D_\nu ^{} -c_2\partial _t D_\nu ^{}\Biggr \}G_{\nu \mu }(t,x). \end{aligned}$$\end{document}$$From the corresponding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ flow action,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_{2,\mathrm{fl}}[B,L] = -2\int _0^\infty \mathrm{d}t \int \mathrm{d}^4x \sum _{\mu }\mathrm{tr}\{ L_\mu (t,x) F_\mu ^{(2)}(t,x)\}, \end{aligned}$$\end{document}$$one may now directly read off the counterterm structures $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_i$$\end{document}$ that correspond with a given choice of the coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{1,2}$$\end{document}$. Unfortunately, there does not seem to be a choice such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{2,\mathrm{fl}}$$\end{document}$ vanishes. We also attempted to use Eq. ([46](#Equ46){ref-type=""}) as follows: considering the term$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 2 c_2 \int _0^\infty \mathrm{d}t \int \mathrm{d}^4x\sum _{\mu ,\nu } \mathrm{tr}\{ L_\mu (t,x) \partial _t D_\nu ^{}G_{\nu \mu }(t,x) \}, \end{aligned}$$\end{document}$$one may perform an integration by parts with respect to *t*. This generates a surface term at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} - 2 c_2 \int \mathrm{d}^4x \sum _{\mu ,\nu } \left. \mathrm{tr}\{ L_\mu (t,x) D_\nu ^{}G_{\nu \mu }(t,x) \}\right| _{t=0}, \end{aligned}$$\end{document}$$which re-defines a coefficient of the counterterms entering $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{2,b}$$\end{document}$ (cf. Sect. [3.5](#Sec11){ref-type="sec"}). Equation ([46](#Equ46){ref-type=""}) then leads to space-time derivatives acting on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\mu $$\end{document}$, which can be integrated by parts (no surface terms are generated here) to redefine $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_\mu ^{(2)}$$\end{document}$. Unfortunately, this does not yield a solution with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{2,\mathrm{fl}} = 0$$\end{document}$ either. We notice, however, that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{2,\mathrm{fl}}$$\end{document}$ with the Lüscher--Weisz choice of coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_1=-1/12$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_2=0$$\end{document}$, has a rather simple structure,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left. S_{2,\mathrm{fl}}\right| _\mathrm{LW}= & {} -2\int _0^\infty \mathrm{d}t \int \mathrm{d}^4x \sum _{\mu ,\nu }\mathrm{tr}\\&\times \left\{ L_\mu (t,x) \frac{1}{12} D_\mu ^2D_\nu ^{} G_{\nu \mu }(t,x)\right\} . \end{aligned}$$\end{document}$$To cancel this term is relatively straightforward. Starting from the lattice gradient force defined with the Lüscher--Weisz action, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial _{x,\mu }S_\mathrm{LW}$$\end{document}$, we simply act with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 1+ \frac{1}{12} a^2 \nabla _\mu ^*\nabla _\mu ^{} \end{aligned}$$\end{document}$$on this gradient force, which yields the "Zeuthen flow" equation ([5](#Equ5){ref-type=""}). The flow action $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{2,\mathrm{fl}}$$\end{document}$ for the Zeuthen flow does indeed vanish, i.e. we have successfully implemented $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improvement in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$4+1$$\end{document}$-dimensional bulk.

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improvement of *E*(*t*, *x*) {#Sec10}
-----------------------------------------------------------------------------------------------

We here consider only the simplest observable, namely the action density *E*(*t*, *x*) of Eq. ([4](#Equ4){ref-type=""}) The two most popular lattice discretisations of *E*(*t*, *x*) are referred to as plaquette (pl) and clover (cl) definitions, respectively. They are either obtained from the Wilson plaquette action or based on the so called clover leaf definition of the field strength tensor,$$\documentclass[12pt]{minimal}
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In this subsection we list the gauge invariant local fields of dimension 6 which may appear in the boundary action $\documentclass[12pt]{minimal}
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Again we apply the field equations. The Yang--Mills flow equation implies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \partial _t G_{\mu \nu }(t,x) =\sum _\rho [D_\mu D_\rho G_{\rho \nu } - D_\nu D_\rho G_{\rho \mu }], \end{aligned}$$\end{document}$$so that, after taking into account the boundary condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{\mu \nu }|_{t=0} = F_{\mu \nu }$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} O_6 + 4 O_3 = \text {total derivative}, \quad O_7 = O_4. \end{aligned}$$\end{document}$$This eliminates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_{6,7}$$\end{document}$. The field equation ([46](#Equ46){ref-type=""}) is not useful here. However, a third field equation can be derived by varying the action at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=0$$\end{document}$ with respect to the fundamental gauge field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_\mu (x)$$\end{document}$. Technically this is best done by discretising only the flow time in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$4+1$$\end{document}$-dimensional continuum action and taking the limit of continuous flow time in the end. The resulting field equation is[6](#Fn6){ref-type="fn"}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{g^2} \sum _{\nu }D_\nu F_{\nu \mu }(x) = - L_\mu (0,x). \end{aligned}$$\end{document}$$This equation leads to the relations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} O_5 = - \frac{1}{g^2} O_4, \quad O_3 = - g^2 O_4. \end{aligned}$$\end{document}$$At this point it is useful to recall the situation in the standard 4-dimensional theory \[[@CR19]\]. In fact there is a 1-parameter family of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improved actions, which, to tree-level, are parameterised by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_p$$\end{document}$ as follows:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{array}{ll} c_0 = 5/3 -24 x_p,\quad c_1=-1/12 + x_p, \\ \quad c_2=x_p, \quad c_3=0. \end{array} \end{aligned}$$\end{document}$$Expanding the action classically, the free parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_p$$\end{document}$ is seen to multiply the counterterm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_3$$\end{document}$. The counterterm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_3$$\end{document}$ is thus redundant for the improvement of standard observables. In principle one may thus tune the coefficients ([66](#Equ66){ref-type=""}) to achieve $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improvement of both standard and gradient flow observables. In practice, however, these coefficients define the gauge action used in the Monte-Carlo simulation and the corresponding effective coefficient of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_3$$\end{document}$ should be regarded as fixed. Therefore we choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_{1,2,4}$$\end{document}$ as our basis of counterterms (cf. Sect. [3.6](#Sec12){ref-type="sec"}).

Finally, we remark that the use of the field equation ([64](#Equ64){ref-type=""}) in the counterterm basis holds for counterterm insertions only up to contact terms, namely whenever the counterterm argument coincides with the location of some field in the correlation function under study. Such contact terms are thus absent for gradient flow observables localised at strictly positive flow times. However, we expect these relations to hold more generally, i.e. even if some fields in the correlation functions are defined at zero flow time. In this case we expect that the contact terms which make the difference are of the same form as the $\documentclass[12pt]{minimal}
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Summary of Section [3](#Sec6){ref-type="sec"} and some practical considerations {#Sec12}
-------------------------------------------------------------------------------

Section [3](#Sec6){ref-type="sec"} contains the main results of this paper and may appear rather technical. We therefore provide a short summary and comment on the practical implementation of the lattice counterterm $\documentclass[12pt]{minimal}
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There is a natural way of interpreting the gradient flow as a $\documentclass[12pt]{minimal}
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Perturbative analysis {#Sec13}
=====================
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Gauge fixing {#Sec14}
------------

In perturbation theory one parametrises the links in a neighbourhood of a classical configuration as follows:$$\documentclass[12pt]{minimal}
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On the lattice the procedure is completely analogous. We consider the generalised flow equation$$\documentclass[12pt]{minimal}
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We first assume that the lattice is infinitely extended and expand the general class of actions, Eq. ([6](#Equ6){ref-type=""}), to leading order in the coupling,[8](#Fn8){ref-type="fn"}$$\documentclass[12pt]{minimal}
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Similarly, the flow equation contains the gradient of a lattice action which, to leading order in the coupling, is parameterised by another action kernel, $\documentclass[12pt]{minimal}
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Finally, the observable *E*(*t*, *x*), being an action density, can be parameterised by a further lattice action kernel, $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ must be non-zero for the inverse to exist. Using these ingredients, the gauge field propagator at positive flow time can now be written as follows:where we have denoted the matrix transpose by the superscript T.

In summary, the choices of action, flow and observable discretisation correspond to the choice of three action kernels. Finally the shift in the initial condition is encoded in a fourth choice of kernel. Explicit expressions for some popular choices of kernels are given in Appendix [C](#Sec25){ref-type="sec"}.

In order to obtain the leading order cutoff effects we now expand the kernels as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$H_{\mu \nu }(t,p;\alpha )$$\end{document}$ it is convenient to work in Feynman gauge ($\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _{\mu \nu }$$\end{document}$. Working in a general gauge is, however, not much more difficult and serves as a check that the gauge dependence actually cancels in the final evaluation of the observable. A few technical details pertaining to such a check are given in Appendix [C](#Sec25){ref-type="sec"}.

In the following we will use Feynman gauge and remove the gauge parameters as arguments of the action and flow kernels. We will also omit them in the kernels for the observable and initial conditions however, with the understanding that they must be set to zero in these cases. In Feynman gauge ($\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ and we have checked this explicitly. Their values depend on the choices made for the various kernels. For example, for a general action of the form Eq. ([6](#Equ6){ref-type=""}) we have $$\documentclass[12pt]{minimal}
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Table [1](#Tab1){ref-type="table"} summarises the values of the coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$d_{1,2}^{(a,o,f)}$$\end{document}$ for the most common choices. It is easy to see that the use of the Zeuthen flow together with the tree-level improved Lüscher--Weisz action and any classically improved discretisation for the observable (see Sect. [3.4](#Sec10){ref-type="sec"}) has no tree-level $\documentclass[12pt]{minimal}
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                \begin{document}$$c_1=-1/12, c_2=0$$\end{document}$) produces tree-level improved results for gradient flow observables. For the case of a generalised tree-level improved action Eq. ([66](#Equ66){ref-type=""}) we have to choose$$\documentclass[12pt]{minimal}
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                \begin{document}$$t^2\langle E(t,x) \rangle $$\end{document}$ in infinite volume. The one-parameter family of tree-level improved actions corresponds to the choice of coefficients Eq. ([66](#Equ66){ref-type=""}), the Lüscher--Weisz tree-level improved action being the particular choice with $\documentclass[12pt]{minimal}
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As the reader can see, besides the Zeuthen flow there seem to be many ways to cancel the tree-level $\documentclass[12pt]{minimal}
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                \begin{document}$$d_{1,2}$$\end{document}$ (cf. Table [1](#Tab1){ref-type="table"}) are inserted into Eq. ([87](#Equ88){ref-type=""}). We are thus led to look for more stringent tests of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal O(a^2)$$\end{document}$ improvement by looking at a variety of observables and/or kinematics. After all, rather than improving a particular observable in a specific situation (e.g. in infinite volume), Symanzik improvement is designed to work for any observable in both finite and infinite volume.

Twisted periodic boundary conditions {#Sec16}
------------------------------------

A stringent test of our computations can be made when studying $\documentclass[12pt]{minimal}
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As a finite volume renormalisation scheme, we will use twisted boundary conditions for our gauge field. In this set-up, the gauge field changes by a gauge transformation when displaced by a period. Gauge invariant quantities are still periodic, and the absence of zero-modes turns out to be very convenient for perturbative computations. The gradient flow has already been studied in this set-up, and we will not give many details here but refer the interested reader to Ref. \[[@CR15]\] and the references cited therein.

We will only need the perturbative expression of $\documentclass[12pt]{minimal}
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The connected 2-point function of *E*(*t*, *x*) {#Sec17}
-----------------------------------------------

Further tests of the Zeuthen flow can be obtained by considering different operators at positive flow time. In particular, we now consider the 2-point function of *E*(*t*, *x*) in a periodic box of size *L* with twisted periodic boundary conditions (i.e. the same set-up as above),$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle E(t,x)E(s,0)\rangle _c = \langle E(t,x)E(s,0)\rangle - \langle E(t,x)\rangle \langle E(s,0)\rangle . \end{aligned}$$\end{document}$$Introducing the two dimensionless parameters$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c = \frac{\sqrt{8t}}{L};\quad d = \frac{\sqrt{8s}}{L}, \end{aligned}$$\end{document}$$we write the leading order result in the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle E(t,x)E(s,0)\rangle _c = g_0^4\mathcal M(t,s,c,d;x) + \mathcal O(g_0^6), \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{array}{ll} &{}\mathcal M(t,s,c,d;x) = \frac{c^4 d^4}{1024t^2 s^2} \\ &{}\quad \times \sum _{P, Q} \mathrm{e}^{\imath (P+Q)x} \,\mathrm{Tr}\{ K(P,Q) H(t,P) \\ &{}\quad \times D(P) H(s,-P)^\mathrm{T}K(Q,P) \\ &{}\quad \times H(t,-Q)^\mathrm{T} D(Q)^\mathrm{T} H(s,Q) \}. \end{array}\nonumber \\ \end{aligned}$$\end{document}$$The generalised kernel *K*(*P*, *Q*) encodes the discretisation of the observable. Up to terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ it is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K_{\mu \nu }(P,Q) = K_{\mu \nu }^\mathrm{cont}(P,Q)+ \mathcal O(a^2), \end{aligned}$$\end{document}$$with the continuum kernel given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K_{\mu \nu }^\mathrm{cont}(P,Q)= & {} \sum _{\rho }P_\rho Q_\rho \delta _{\mu \nu } - P_\mu Q_\nu . \end{aligned}$$\end{document}$$The finite volume calculation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle E(t,x)\rangle $$\end{document}$ has taught us that the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ contributions of the flow have to cancel by themselves, i.e. a cancellation with other $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ contributions by the action or the observable is not possible, due to the linear independence of the momentum sums. In order to assess the improvement of the Zeuthen flow it is therefore enough to focus on these $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ contributions. Using again the Feynman gauge for flow and action, we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ terms from the flow of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&-a^2\frac{c^4 d^4}{1024t^2s^2} \sum _{P, Q} \mathrm{e}^{\imath (P+Q)x} \mathrm{e}^{-(t+s)\left( P^2+Q^2\right) } \frac{1}{P^2 Q^2} \\&\quad \times \,\mathrm{Tr}\{ K^\mathrm{cont}(P,Q) (tR(P)+sR(P)^\mathrm{T})\\&\quad \times K^\mathrm{cont}(Q,P)\}, \end{aligned}$$\end{document}$$and a second term with a similar structure. In both cases it is useful to note the property of the kernel that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K^\mathrm{cont}(P,Q) = T(Q) K^\mathrm{cont}(P,Q) T(P), \end{aligned}$$\end{document}$$where *T*(*P*) is the transverse projector,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T_{\mu \nu }(P) = \delta _{\mu \nu } - \frac{P_\mu P_\nu }{P^2}. \end{aligned}$$\end{document}$$The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal O(a^2)$$\end{document}$ correction to the Zeuthen flow kernel, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^Z(P)$$\end{document}$, has the nice property that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T(P) R^Z(P) T(P) = 0. \end{aligned}$$\end{document}$$Hence we can conclude that the Zeuthen flow does not contribute any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Conclusions and outlook {#Sec18}
=======================

We have systematically investigated the structure of $\documentclass[12pt]{minimal}
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Our main results are summarised in the Zeuthen flow equation ([5](#Equ5){ref-type=""}) and the improved lattice definitions of the observable *E*(*t*, *x*), either as linear combination of clover and plaquette definitions ([54](#Equ54){ref-type=""}) or as the action density of the tree-level improved Lüscher--Weisz action. We have shown that the integration of this Zeuthen flow equation and the evaluation of classically improved observables do not produce any $\documentclass[12pt]{minimal}
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We have explicitly checked that the proposed Zeuthen flow equation does not generate any $\documentclass[12pt]{minimal}
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Our results can be extended in various directions. First, it appears straightforward to extend the classical *a*-expansion to further observables, for example the energy-momentum tensor. When considering *n*-point correlation functions of such observables with $\documentclass[12pt]{minimal}
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Conventions and notation {#Sec19}
========================
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Absence of odd powers of *a* in the classical expansion of $\documentclass[12pt]{minimal}
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=========================================================================================

In this appendix we demonstrate that the apparent presence of odd powers of *a* in the classical expansion ([44](#Equ44){ref-type=""}) is an artefact of the way the expansion was set up. In particular, we will show that Symanzik's effective action for the flow action only contains terms which are even powers of *a*.

Re-expanding around the midpoint of the link {#Sec21}
--------------------------------------------
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Reflection symmetries {#Sec22}
---------------------

We now consider the flow action in Eq. ([41](#Equ41){ref-type=""}), but restricted to plaquette and rectangle terms, as this is sufficient to discuss the case of the Zeuthen flow. We consider a coordinate reflection $\documentclass[12pt]{minimal}
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In fact, the same transformation behaviour is found for the left hand side of the flow equation, so that Eq. ([126c](#Equ131){ref-type=""}) equally holds for $\documentclass[12pt]{minimal}
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It is instructive to derive Eq. ([126c](#Equ131){ref-type=""}) for the case of the plaquette action in some detail. The gradient force in this case has the form$$\documentclass[12pt]{minimal}
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Hence, Eq. ([126c](#Equ131){ref-type=""}) follows and the part of the lattice flow action containing the Wilson gradient force is indeed invariant under a reflection $\documentclass[12pt]{minimal}
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Lattice vs. continuum reflections {#Sec24}
---------------------------------

We now consider a total reflection, $\documentclass[12pt]{minimal}
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Treating the parts of the lattice flow action density with other values of $\documentclass[12pt]{minimal}
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For these considerations to extend to the Zeuthen flow we only need to check that the correction term,$$\documentclass[12pt]{minimal}
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Free lattice actions and their kernels {#Sec26}
--------------------------------------

The choice of observable, action and flow at tree level can be parameterised by the kernels of free lattice actions, i.e. the gauge action expanded to second order in the gluon fields, possibly supplemented by a gauge fixing term. If a generic lattice action with Wilson loops of length 4 and 6 is chosen then these are parameterised by a set of coefficients $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ K_{\mu \nu }(p;\lambda )$$\end{document}$ are unchanged, but the integrals over momenta have to be substituted by sums and the momentum has to be interpreted as the sum of the space and colour momenta (see Eq. ([95](#Equ98){ref-type=""}) and the subsequent discussion). Gauge fixing is performed in any kernel by adding the usual gauge fixing term$$\documentclass[12pt]{minimal}
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The radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_t=\sqrt{8t}$$\end{document}$ amounts to two standard deviations in the Gaussian smearing function which appears in the relation between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_\mu (t,x)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_\mu (x)$$\end{document}$ to leading order in the coupling.

Note, however, that the choice of the coefficients is not completely free, with some constraints arising from positivity \[[@CR19]\]. Our conventions differ from this reference by the exchange $\documentclass[12pt]{minimal}
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For a more careful discussion of the limits involved cf. \[[@CR4]\].
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Such boundary conditions are often imposed in the Euclidean time direction, combined with periodic boundary conditions in the spatial directions. In this case one may distinguish between the electric and magnetic components of *E*(*t*, *x*). In the latter, total derivatives only appear in the spatial directions and thus do not contribute to the expectation value.

While the continuum derivation may seem rather formal we note that a lattice version of this equation can be derived directly from the $\documentclass[12pt]{minimal}
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Note that all the improvement coefficients $\documentclass[12pt]{minimal}
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See Appendix [A](#Sec19){ref-type="sec"} for a summary of our notation and conventions.

Note that higher orders in the fields imply higher order in the coupling, too, cf. Eq. ([69](#Equ69){ref-type=""}).
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One may think of the infinite lattice as a limiting case of finite lattices with periodic boundary conditions where the sum over $\documentclass[12pt]{minimal}
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